In this paper, we introduce the concepts of forcing weakly convexity and forcing weakly convexity number of a graph. We also determine the forcing weakly convexity numbers of some special graphs and graphs under some binary operation such as the join, corona and composition of two graphs.
Introduction
Let G = (V (G), E(G)) be a simple connected graph. Let u, v ∈ V (G) (u, v) . The weakly convexity number of G, denoted by wcon (G) , is the maximum cardinality of a weakly convex proper subset of G. A weakly convex set of G of cardinality wcon(G) is called a maximum weakly convex set of G. These concepts are introduced and studied in [1] and [2] .
Let C be the maximum weakly convex set of a connected graph G. A subset S of C is called a forcing weakly subset of C if C is the unique maximum weakly convex set of G containing S. The forcing weakly convexity number of C, denoted by f wcon (C) , is the minimum cardinality of a forcing weakly subset of C and the forcing weakly convexity number of G, denoted by f wcon (G) , is the minimum forcing weakly convexity number among all maximum weakly convex sets of G. That is, f wcon(G) = min{f wcon(C) : C is a maximum weakly convex set of G}. 4 , v 6 }, and T 5 = {v 1 , v 2 , v 4 , v 5 } are the minimum forcing weakly subsets of S 1 , S 2 , S 3 , S 4 , and S 5 , respectively. Hence, The next result follows from Lemma 2.1.
Corollary 2.2
For any integer n ≥ 2, f wcon(P n ) = 1.
Remark 2.3 [2]
For any positive integer n ≥ 3, wcon(C n ) = n+1 2
and
Theorem 2.4 For any positive integer
Consider the maximum weakly convex set
Note that every maximum weakly convex set S of C n is of the same form as S.
We consider the following cases: Case 1: Suppose n is even.
Then
). Note that D is also a maximum weakly convex set in G with |S| = |D|. Since T is a subset of both S and D, T is not a forcing weakly subset of S.
. Then S is the only maximum weakly convex set containing T * . Hence, f wcon(S) = |T * | = 3. Since f wcon(S) = f wcon(S ) for all maximum weakly convex sets S of C n , f wcon(C n ) = f wcon(S) = 3. Case 2: Assume n is odd.
). Hence, T is a minimum forcing weakly subset of S. Therefore, f wcon(G) = f wcon(S) = 2.
Note that every forcing weakly set is a subset of a maximum weakly convex set of G. Thus, we have the following remark.
Remark 2.5 If G is a connected graph of order n ≥ 2 and f wcon(G)
We remark that if G is a connected graph of order n such that wcon(G) = n − 1, then the maximum weakly convex sets in G are precisely the sets V (G) \ {v}, where v is either an extreme vertex or a vertex that satisfies the condition in Theorem 2.6. We now characterize all connected graphs G with f wcon(G) = |V (G)| − 1. 
Suppose that there exists v ∈ V (G) that is neither an extreme vertex nor satisfies the given property. Then V (G) \ {v} is not a weakly convex set of G by Theorem 2.6. Let w ∈ V (G) \ {v} such that C = V (G) \ {w} is weakly convex in G. Consider the set S = V (G) \ {v, w}. Then S ⊂ C. Since V (G) \ {v} is not a weakly convex set of G, it follows that C is the only maximum weakly convex set of G containing S. Thus, S is a forcing weakly convex subset of C. This implies that f wcon(G) ≤ f wcon(C) ≤ |S| = n − 2, contrary to our assumption that f wcon(G) = n − 1. Therefore for each v ∈ V (G)), either v is an extreme vertex or v satisfies the property that for all x, y ∈ N G (v) with x = y and xy / ∈ E(G), there exists w ∈ V (G) \ {v} such that x, y ∈ N G (w). For the converse, suppose that for each v ∈ V (G)), either v is an extreme vertex or v satisfies the property that for all x, y ∈ N G (v) with x = y and Let H 1 and H 2 be, respectively, the star K 1,a and the path P b−a+1 given in Figure 2 and let G be the graph obtained by gluing H 1 and H 2 at vertex y 1 . Note that the maximum weakly convex sets of G are
Note that S is the only maximum weakly convex set containing T and S 1 is the only maximum weakly convex set containing T 1 . Also, any subset T * with |T * | < a is contained in at least two maximum weakly convex sets. Thus, f wcon(G) = |T | = |T 1 | = a. Proof : Let v ∈ V (G + H). Suppose v is not an extreme vertex. Then there exist distinct non-adjacent vertices x and y such that x, y ∈ N G+H (v). Note that if x ∈ V (G) and y ∈ V (H), then xy ∈ E(G + H). Hence, x, y ∈ V (G) or x, y ∈ V (H). Consider the following cases:
This is similar to Case 1. In either case, G + H satisfies the condition in Theorem 2.7. Therefore, f wcon(G + H) = m + n − 1. In the proof of above corollary, the maximum weakly convex sets in G • H are precisely the sets V (G • H) \ {x} where x ∈ V (H v ) for some v ∈ V (G).
Lemma 5.2 If T is a forcing weakly subset of
This is a contradiction since T is a forcing weakly set. Thus,
Theorem 5.3 Let G be a connected nontrivial graph of order m and H be any graph of order n. Then f wcon(G
. By the proof of Corollary 5.1, 
